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7 Ordered Categorical Response Models 

In several chapters so far we have addressed modeling a binary response variable, 

for instance gingival bleeding upon periodontal probing, which has only two 

expressions, yes or no (or 1, 0). Many kinds of response variables are ordered 

categorical. For instance, the Silness & Löe plaque index, which assesses the 

amount of supragingival plaque at a certain tooth surface adjacent to the gingival 

margin, comprises clinically defined situations on a scale of scores from 0 to3 

(Table 7.1).  

Table 7.1 Plaque index as originally described by Silness and Löe (1964). 

 

Score Description 

0 No plaque 

1 A film of plaque adhering to the free gingival margin and adjacent 

area of the tooth. The plaque may be seen in situ only after 

application of disclosing solution or by using the probe on the tooth 

surface 

2 Moderate accumulation of soft deposits within the gingival pocket, 

or on the tooth and gingival margin which is can be seen with the 

naked eye 

3 Abundance of soft matter within the gingival pocket and/or on the 

tooth and gingival margin 

 

 

Very often, these scores are statistically treated as if they were measurements on a 

continuous scale. Then given averages have a number of shortcomings. For 

instance, values in-between scores are clinically not defined and have to be 
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reinterpreted as frequencies of integer scores. The differences in the amount of 

plaque of scores 0 and 1 are certainly smaller than those between scores 1 and 2. 

Moreover, both inter- and intra-examiner reliability of scoring may differ across 

different scores.  

An alternative approach of dealing with this kind of data is to retain the categories 

throughout the analysis. The example analyses in the present chapter show how this 

can be accomplished. 

 

7.1 Description of the Example Data Set 

The data for our example, derived from the above cohort of 50 dental students at 

Kuwait University, are stored in an EXCEL file (IL1_clearedbop.xlsx). Missing 

observations (for instance missing teeth) had been removed. 

Variable Description 

NO Subject’s identifier (1-50) 

GENDER (0, 1) 

ILGT Interleukin 1 genotype (0, 1) 

AGE In years 

TOOTH_NO FDI notation of teeth (11-48)  

TYPE Tooth type (1-16) 

SITE Tooth site (1-6) 

PPD Periodontal probing depth (mm)  

CAL Clinical attachment level (mm) 

BOP Bleeding on probing (0, 1) 

PLI  Silness & Löe’s plaque index (0-3) 

CLS Presence of calculus (0, 1) 
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Recall that clinical variables PPD, CAL, BOP, PLI and CLS have each been 

assessed three times every other week. We copy and paste the data into a new 

worksheet in MLwiN as before and save it in the new file IL1_cleared01.wsz.  

 

7.2 An Analysis Using a Traditional Approach  

Our main interest lies in the plaque index which is so far considered as a 

continuous variable. However, as mentioned before, only integer scores 0-3 are 

properly defined. Note that the following analysis is done only to provide a 

comparison for the categorical response model that follows. Thus, we will begin by 

fitting a single-level model of plaque index that treats the response variable as if it 

was measured on a continuous scale. 

We can illustrate the distribution by creating a histogram of PLA1. From the 

Graph menu we select Customized graphs. We select PLI1 for y and histogram 

for plot type and click on Apply.  
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7.2.1 Setting up the data structure 

As it is obvious that the distribution of PLA1 is certainly not Normal, we may 

transform it to Normal scores. To each response category, this transformation 

assigns the value from the inverse of the standard (0, 1) Normal cumulative 

distribution for the estimated proportion of sites from the response variable’s 

original distribution. We can use MLwiN’s NSCO command to create new 

response variables for PLI at all three examination occasions. I the Data 

Manipulation menu we select Command interface. In the bottom box of the 

Command interface window, we type NSCO ‘PLI1’ c23 and press the return key, 

and so on. We have then to rename the columns as PLI1normal, PLI2normal and 

PLI3normal. 
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In order to transform site data record into separate records (or rows) for each 

occasion, we want to split the records as described in Chapter 3. Thus, in the main 

menu we click on Data manipulation and select Split records. Since data were 

recorded three times, we set 3 in Number of occasions. The Number of variables 

to be split is set 6. In the Stack data grid we click on Variable 1 and select in the 

drop-down the five variables PPD1, PPD2, and PPD3. Then we click Done. We 

repeat the two above steps for Variable 2 (CAL1 …CAL2), and all the other 

variables to be stacked. Eventually we want to stack the data into free columns c27 

to c32. We tick the Generate indicator column check box and select, in the 

neighboring drop-down list, c33 for the three occasions. 
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Seven variables have to be repeated (carried data). In the Repeat (carried data) 

frame, we select NO, GENDER, ILGT, AGE, TOOTH_NO, TYPE, and SITE as 

input columns and assign to them c34 …c40 as the respective outputs.  

 

We then click the Split button to execute the changes. Before saving the worksheet, 

we want to first assign names to columns c27 … c40 and thus select No when 

being asked whether we want to save the worksheet. We want to rename the 

respective columns. Before setting up simple variance components model we have 
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to create a constant column (CONS).  We access the Generate Vector window via 

the Data Manipulation menu. We select c26 as Output column, fill in 26274 in 

Number of copies and assign the Value of 1 to them. We click on Generate and 

rename the column as before, cons. Now we want to save the worksheet, for 

instance as IL1_cleared02.wsz. 

 

7.2.2 A four-level repeated measures model of plaque index considered as 

continuous response 

We will now treat PLInormal at the different occasions as a continuous response 

variable. We start by seeing how the total variance of PLInormal is partitioned 

into four components, between subjects, teeth, sites and occasions within sites. 

Thus, we fit a four-level model involving the intercept term and OCC. In the 

Equations window we define PLInormal as response variable (with a Normal 

error distribution), and set up a four-level model with NO2 as level 1, 

TOOTH_NO2 as level 2, SITE2 as level 3 and OCC as level 4 identifier. We 

define the variable cons and add OCC as explanatory variable. We click on 0 and 

check in the X variable window the boxes l(NO2), k(TOOTH_NO2), j(SITE2), 

and i(OCC), then click on Done. We run the model by clicking on Start. 
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As expected in a steady-state plaque environment, both coefficients of transformed 

to Normal scores PLI at occasion 2 and occasion 3 are not very much different 

from 0. Variances at the subject level and tooth levels were considerable, but those 

at the site and occasion level were considerably larger (32 and 39% of total 

variance).  In the Names window, we Toggle Categorical variables GENDER2 

(female 0, male 1), ILGT2, TOOTH_NO2, TYPE2, and SITE2. We first want to 

assess the effect of GENDER2, ILGT2, and AGE2 (centered on the Grand mean) 

on PLI and add respective terms into the model, which converges instantly after 

clicking on More. 
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Apparently, males had more plaque than females. To do an approximate Wald test 

to get an idea of whether this was of significance we check fixed in Intervals and 

tests and type 1 next to fixed:GENDER2_1 and click on Calc. Chi-squared on 1 

degree of freedom is 3.762 which corresponds to a p-value of 0.052430.  Centered 

(on the grand mean) age was not of importance whereas ILGT positives had 

slightly less plaque. Since all added covariates are subject-related, only the 

(unexplained) variance at the subject level has been reduced to 0.091 (SE 0.019).  

We now want to assess tooth type as covariate and add categorically toggled 

TYPE2 which encodes teeth in the maxilla (central and lateral incisors, canines, 

first and second premolars, first, second and third molars, 1-8) and the mandible (9-

16). The reference is a central incisor in the maxilla.  



164 
 

 

Apparently, plaque at maxillary lateral incisor, canines and premolars did not differ 

much from that at central incisors, while molars and all teeth in the mandible 

harbored considerably more plaque. Unexplained variance at the tooth level was 

considerably decreased. The model contains 15 more variables and we might assess 

whether it fits the data better by calculating the likelihood ratio statistic 51678.009 

- 50782.097 = 895.912 which is compared to a chi-squared distribution on 15 

degrees of freedom. We conclude that the model with the tooth type covariate 

explains variation in PLInormal scores significantly better. A further improvement 

can be achieved by adding toggled categorical SITE2 (mesiobuccal, midbuccal, 

distobuccal, distolingual, midlingual, mesiolingual, 1-6) to the model with SITE2_1 

(mesiobuccal) as reference. We may save the file under a new name, say, 

IL1_cleared03.wsz. 
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We will now turn to a multinomial model of PLI scores which retains the response 

variable’s original grade categories.  

 

7.3 A Single-level Model with an Ordered Categorical Response Variable 

We specify that our original response has t categories, indexed by s (s = 1, …, t) 

and we want to choose the highest category t as the reference category. Suppose 

that the probability of site i having a response variable value of s is   
   

. 

We want to base our model upon cumulative response probabilities rather than the 

response probabilities for each separate category. We define the cumulative 

response as, 

    
   

    
   

    
   

                 
 

   
     (7.1) 
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Here,   
   

are the observed cumulative proportions (out of a total ni observations – 

actually 3 in our example, but we first want to model just the first observation) for 

the ith site. Expressing the category probabilities in terms of the cumulative 

probabilities, we have, 

  
   

   
   

   
     

       

  
   

   
   

    
   

        (7.2) 

A common model choice is the proportional odds model with a logit link, namely, 

  
   

                      
   

or 

        
   

                (7.3) 

This implies that increasing values of the linear component are associated with 

increasing probabilities as s increases. 

If we assume an underlying multinomial distribution for the category probabilities, 

the cumulative proportions have a covariance matrix given by, 

      
   

   
   

    
   

     
   

                (7.4) 
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We can fit models to these cumulative proportions (or counts conditional on a fixed 

total) in the same way as with a regular multinomial response vector, substituting 

this covariance matrix (see, for further discussion, Yang 2001).  

We start by clicking on Clear the Equations window and Toggle Categorical 

PLI1 to PLI3 in the Names window. In order to set up the new model for just 

PPD1, we click on y in the Equations window and select PLI1, 1-i for N levels 

and SITE for level 1(i). We click on done. We click on N in the Equations 

window and select Multinominal. Under Multinomial options, we select 

Ordered proportional odds and the default link function, logit. Next to ref 

category, we select PLI1_3 and click Done, then on Estimates in the Equations 

window. 

 

The model has now a form similar to the one presented in equations (7.1) to (7.4). 

Note, however, that y has been replaced by resp, and that subscripts i and j are used 

on this and the  and  terms. MLwiN has created a two-level formulation of the 

original single-level. Each site, now a level two unit, has three (number of 
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categories s minus 1) response variables (level 1 units). We may check this by 

clicking on resp in the Equations window.  If we look at the Names window, 

several new variables have been created by MLwiN. Which appear in vacant 

columns, for instance resp_indicator and SITE_long. (Remember that the suffix 

_long is created by MLwiN to distinguish each new variable created automatically 

in an expanded data set.) Each of these new columns has a length of 26274 (3 x 

8758) because there are 3 responses per site. 

We have not yet selected explanatory variables to be included in the model. We 

would interpret logit(2j) as the logit of the expected probability that a plaque index 

(on first examination) of 2 or 3 at site j would have been scored. In order to further 

set up the model we need to define the denominator vector. We want to address 

only the plaque index score on occasion 1, so the value of nj is always 1. We 

choose c45 for a column of 1s as the denominator by choosing Generating vector 

in Data Manipulation which we rename to denom_old.  

We can now start adding explanatory variables by clicking on the Add term button 

and selecting cons. As before, we fit a separate intercept for each of the three 

response variables by clicking on add Separate coefficients.  
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The naming of the explanatory variables indicates that we are fitting an ordered 

proportional odds model as given in equations (7.1) to (7.4). We chose Use 

Defaults in the Nonlinear menu and click Done. We now run the model by 

clicking on Start in the main menu. After a few iterations, thee model converges. 

By clicking twice on Estimates, we get the following. 
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If we take the antilogit (in Data manipulation, click Calculate and select ALOGit 

of -0.805) of the first coefficient (-0.805), we get 0.30896, the estimated probability 

that a site has a plaque index score of 0. The proportion of sites with a plaque index 

score of 0 or 1 is the antilogit of 0.171, i.e. 0.54265; and that of either 0, 1 or 2 is 

antilogit of 3.262, namely 0.96310. These proportions agree with the proportions 

we can obtain directly from the data using the Tabulate window. We may save the 

model under the name IL1_cleared04.wsz. 
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7.4 A Two-level Model 

The two-level ordered category response model is a generalization of the single-

level model, as shown in the following set of corresponding model equations. 
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As we would expect, when fitting this model, MLwiN creates a three-level 

formulation. We add subject ID (NO) as a third (highest) level in the model we 

have just fitted by clicking on resp in the Equations window and selecting in the Y 

variable window 3-ijk beside N levels. We select NO beside level 3(k) and click 

done (as expected, MLwiN has created a new column, NO_long to serve as actual 

identifier variable used during fitting; we can also see in the Names window the 

three intercept variables derived from cons and the full denom variable). 

We now need to define the variation at the subject level. One possibility is to allow 

each plaque index category’s intercept term to vary, giving us a 3 x 3 covariance 

matrix at level 3. To do this we would simply click on each cons.(<=*) term in turn 

and in the X variable window, check the k(NO_long) box. However, if we did 

this, we would essentially be fitting a simple multinomial two-level model, which 

also has a 3 x 3 covariance matrix. Instead, we shall fit a single variance term at the 

subject level by clicking on the Add Term button on the Equations window 

toolbar, select cons in the variable box of the Specify term window, but click on 

add Common coefficient. In the appearing Specify common pattern window we 

can check boxes (<=PLI1_0), (<=PLI1_1) and (<=PLI1_2), corresponding to the 

terms entered in the model. We fit our common level 3 variance by clicking on 

Include all and then Done. 
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As can be seen, a term hjk has been added to the equation for each response 

category. It represents terms common to the set of equations and defined following 

the equations for the response categories. In our example, it consists of the single 

common coefficient associated with the newly created variable cons.012. If we had 

specified a pattern that included only response categories 0 and 2, the new variable 

would have been named cons.02, and its term would have appeared only in the 

respective equations. Apparently, this procedure allows complete flexibility in 

specifying patterns of shared coefficients across response categories. 

As to now, the model is over-parameterized with a unique coefficient for every 

response category and a common coefficient. We want to use the coefficient of the 

common variable, cons012, only to specify a common between-subject variability. 

So we do not need this variable in the fixed part of the model. To specify how the 

variable is used, we click on the cons.012 terms, uncheck the Fixed Parameter 

check box in the X variable window, check the k(NO_long) check box and click 
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on Done. We start with the default Nonlinear estimation procedure (1
st
 order 

MQL) and run the first estimation. 

 

So far, the second line indicates that we have specified the cumulative category 

model. This is followed by three response variable equations, one for each 

cumulative category (PLI1 = 0, PLI1 <=1, and PLI1 <=2). The explanatory variable 

in each case is a constant, allowing the intercept to be different for each. The other 

explanatory variable, cons.012, is also a constant (=1) whose sole contribution to 

the model – via its random coefficient – is to add the same random error term to 

each of the five categories’ equations. A common subject-level variance is thus 

estimated for each category.  
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Next, we switch, in the Nonlinear Estimation menu, to the preferable method of 

estimation, 2
nd

 order PQL. We rather click on Start again and get the following. 

 

 

Note that the previous 1
st
 order MQL procedure has in fact largely underestimated 

all parameters.  

We now want to add subject level covariates gender, ILGT and centered (on the 

grand mean) age using common coefficients across response categories. We click, 

in turn, on Add Term and select in the variable box of the Specify term window 

respective variables GENDER, ILGT, and AGE, click on add Common 

coefficient and Include all in the Specify common pattern window, then click on 

Done.  
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Note that the (unexplained) subject-level variance is reduced when the model is 

adjusted for gender, ILGT, and age. 

We could also have chosen to use add Separate coefficients to allow separate 

coefficients for each category. Let’s see the effect of allowing each response 

category equation to have its own coefficients for gender, ILGT, and age. To do 

this, we delete the common terms and add them again, this time using the add 

Separate coefficients button.  
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In general, differences among coefficients are huge which makes the model rather 

difficult to interpret. The important point here is that, in the previous model, we are 

taking advantage of the ordering in the categories to simplify the model structure. 

We may save this model under IL1_cleared05.wsz. 

 

7.5 A Three-level Model 

So far, one important level is missing in our model of plaque index scores, the 

tooth. We may consider the tooth level by clicking on the response variable in the 

Equations window and change N levels to 4-ijk. We then select NO_long for 4-l, 

TOOTH_NO2 for 3-k, SITE_long for 2-j and click done. We then click on 

v3kl.cons012 in the Equations window and check the box l(NO_long). We note 

that we have introduced two random error terms, tooth-level v3kl and subject level 

f3l, to each of the three categories equations. We make sure, in Nonlinear, that the 
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default estimation is selected first (1
st
 order MQL), click on Done and then click on 

Start.  

 

We now want to add tooth type and site into the model. We first both toggle TYPE 

and SITE, in the Names window, categorical, then click successively on Add 

Term and on add Common coefficients (with TYPE_1, i.e. the central incisor in 

the maxilla, and SITE_1, i.e. mesiobuccal as references). We click on the More 

button and run the model. We can check, in Nonlinear, 2
nd

 order MQL (2
nd

 order 

PQL won’t converge) and get the result below. When comparing the below results 

with those obtained in section 7.2, we see that we would make similar inferences 

about the common effect of gender, ILGT, age, tooth type and site. 
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However, albeit the above model provides a more detailed description of the 

probabilities of each plaque index score, this applies only to one (the first) 

examination. MLwiN does not provide the possibility to examine, in one model, 

repeated measures of multinomial responses.  


