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5 Logistic Models for Binary and Binomial Responses 

In the previous chapters, continuous response variables had been considered in 

various variance components, random intercept, random coefficient, time series, 

and multivariate time series multilevel models. In this chapter, we want to look at 

binary or binomial (proportion) responses. We will mainly focus on the logit link 

function. As usual, we start with a single-level model and extend this to 

appropriately consider the three-level hierarchical structure. We also explore 

contextual effects here. Significance testing and model interpretation using odds 

ratios and variance partition coefficients are discussed.    

 

5.1 Description of the Example Data Set 

The data for an example are stored in an EXCEL file (bop_pli01.xlsx). The binary 

response variable here is presence or absence of bleeding on probing (BOP) at 

gingival units in 50 students at Kuwait University. All had plaque-induced gingival 

disease.  

Variable Description 
ID Subject’s identifier (1-50) 
GENDER (0, 1) 
AGE In years 
TOOTH_NO FDI notation of teeth (11-48)  
TYPE Tooth type (1-16) 
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SITE Tooth site (1-6) 
PPD  Periodontal probing depth (mm)  
CAL Clinical attachment level (mm) 
BOP Bleeding on probing (0, 1) 
PLI  Silness & Löe’s plaque index (0-3) 
CLS Presence of calculus (0,1) 
 

The cohort consisted of 16 male and 34 female dental students. They were between 

19 and 28 years of age.  

After we have opened a new worksheet in MLwiN by clicking on File in the main 

menu and New worksheet, we can easily import the EXCEL data just by copy 

them to the clipboard and paste them into MLwiN. For that we click on Edit in the 

main menu and Paste. We check the box Use first row as names in the new 

window and click Paste. We want to Save the worksheet in the File menu as 

bop01.wsz. 

The main objective for the present analysis is to get an idea about the association 

between (supragingival) plaque and gingival bleeding after probing (BOP), a 

measure of gingival inflammation. Since the disease is called “plaque-induced”, 

we would expect a strong association. As a first step, let us tabulate BOP by 

ordinal scores describing the amount of supragingival plaque at the gingival 

margin, i.e. Silness and Löe’s plaque index of 1963 (PLI). We click in Basic 

Statistics in the main menu and select Tabulate. Note that the default Output 
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mode is Counts. We type next to Columns PLI, check the Rows box and type 

BOP. We click on Tabulate and get the result below. 

 

What has been expected is that most sites without plaque or small (invisible, if not 

disclosed with a dye) amounts of plaque (PLI scores of 0 or 1) do not bleed after 

probing. But the vast majority of sites with considerable plaque (PLI score of 2) 

and the majority of sites with even abundance of plaque (PLI score of 3) did not 

bleed upon probing either. In order to make things easier, we want to collapse 

plaque index scores of 0 and 1 (which is usually not visible) and plaque index 

scores of 2 and 3, and create a new variable, the visible plaque index (Ainamo and 

Bay 1975). We click on recode and by range in Data Manipulation of the main 

menu. We select PLI for Input columns and type next to the boxes of the Recode 

specification for values in range 0 to 1 and type 0 next to new value.  In Output 
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columns we select c12 and click on Add to action list. Next we assign 1 for 

Values in range of 2 to 3 in the to new value box. We click on Add to action list 

and on Execute in the right window. We should rename column c12 to VPI by 

clicking on Name in the Column menu. We now want to tabulate BOP by VPI. 

 

The data suggest a moderate association. The odds ratio can be calculated as  

3970
785�

2923
1082�

 = 1.872. An asymptotic approximation of the standard error of the log 

odds ratio is 𝑆𝑆 = � 1
𝑛11

+ 1
𝑛10

+ 1
𝑛01

+ 1
𝑛00

 = 0.0528. If L is the sample log odds 

ratio, an approximate 95% confidence interval is L ± 1.96SE. To obtain a 95% 

confidence interval (CI) for the odds ratio, one has to take exponentials: exp(L-
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1.96SE), exp(L+1.96SE). In the present example, one gets exp(0.5235)  = 1.6879, 

and exp(0.7305) = 2.0761, respectively. 

 

5.2 The Logit Link Function 

We want to see whether MLwiN can reproduce these estimates. Since all subjects 

had, as mentioned above, plaque-induced gingival disease, we start with assessing 

the association between visible plaque and gingival bleeding on probing by fitting 

a respective single-level logistic regression model. We intentionally omit the 

higher level, the subject.  

The binary (0, 1) response, bleeding on probing, for the ith gingival unit is denoted 

as yi. We denote the probability that yi is 1 by πi. A general model for binary 

response data is  

f(πi) = β0 + β1x1 

where f(πi) is some transformation of πi called the link function. We want to 

consider here the logit link f(πi) = log( 𝜋𝑖
1−𝜋i

), where the quantity πi /(1- πi) is the 

odds that yi is 1. Thus, predicted probabilities 𝜋� derived from the fitted model will 

lie between 0 and 1. Note that there are other link functions possible in MLwiN, 

such as the probit and log-log link which will not be dealt with in this chapter. The 
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logit transformation is most widely used since exponential coefficients from the 

logit model can be interpreted as odds ratios. So, the model takes the form 

logit(𝜋𝑖) = log � 𝜋𝑖
1−𝜋i

� =  𝛽0 + 𝛽1𝑥𝑖                (5.1) 

or, 

𝜋𝑖
1−𝜋i

= 𝑒𝛽0 × 𝑒𝛽1𝑥1     (5.2) 

If we increase x by 1 unit, we obtain  

𝜋𝑖
1−𝜋i

= 𝑒𝛽0 × 𝑒𝛽1(𝑥1+1)=𝑒𝛽0 × 𝑒𝛽1𝑥1 × 𝑒𝛽1 

Thus, the exponential of β1 is the odds ratio in case of binary response of x (0, 1), 

comparing the odds for units with x = 1 relative to the odds for units with x = 0. In 

case of continuous x, the exponential of β1 is interpreted as multiplicative effect on 

the odds for a 1-unit increase in x. Formula 5.2 can be rearranged to obtain an 

expression of πi: 

𝜋𝑖 = exp(𝛽0+𝛽1)
1+exp(𝛽0+𝛽1)

= 1
1+exp(−(𝛽0+𝛽1))

       (5.3) 

 



92 

5.3 A Single-level Logistic Regression Model 

We shall now model this relationship by fitting a single-level model of the binary 

response variable BOP in MLwiN. From the Model menu, we select Equations 

and click on y. For y, we select from the drop-down menu of the Y variable 

window BOP, for N-levels we enter 1-i, and for Level 1(i) we select SITE and 

click on done.  Now we click on N in the Equation window and tag, in the 

Response type window, Binomial. We note that in the Select link function the 

default box logit is already checked. We click Done. We click on x0 and select 

cons from the drop-down list of variables (MLwiN has created the cons variable 

already), and click Done. We click on Add term. From the variable drop-down list 

we select VPI, click Done and click on Estimate in the Equation window.  
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The first line states that the response variable follows a binomial distribution with 

parameters ni and πi. The parameter ni is known as the denominator. In the case of 

binary data, ni is equal to 1 for all units. We will now create ni and call the new 

variable denom. From the Data Manipulation menu we select Generate vector. 

In the Generate vector window we select c15. Next to Number of copies we enter 

9600, and 1 next to Value. Then, we Generate and rename c15 to denom by 

clicking on c15 and on the Column Name button. In the Equations window we 

click on ni and select denom. (Note that if our data had been binomial, i.e. in the 

form of proportions, then ni would be equal to the number of units on which the 

proportion is based; here, for instance, the number of sites where bleeding on 

probing had been assessed.) 

The second line in the Equations window is the equation for the logit model which 

has the same form as (5.1) as can be shown by clicking on the Name button in the 

Equations window. We want to specify details about the estimation procedure to 

be used. We click on the Nonlinear button at the bottom of the Equations window 

and on Use Defaults. (We will discuss estimation choices when we come to fit 

multilevel models.)  
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Now we can run the model by clicking on the Start button in main menu. The 

model converges instantly and estimates can be seen after clicking on the 

Estimates button. 

The last line in the Equations window states that the variance of the binomial 

response is πi (1- πi)/denomi, which, in the case of binary data, simplifies to πi (1-

 πi).  

 

We want to Save the worksheet in the File menu as bop02.wsz. 

 

5.4 Calculating Some Estimates Derived from the Model 

Based on the fourfold table on frequencies of bleeding on probing by visible 

plaque (see 5.1) we had calculated an odds ratio of 1.872 (1.6879; 2.0761). The 

model above indicates an estimated coefficient for visible plaque of 0.627 with a 
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standard error of 0.053. We click on Model in the main menu and then on 

Intervals and tests. After having checked fixed at the bottom of the respective 

window we type 1 next to fixed : VPI and get a 95% CI for the coefficient 

estimate of ±0.104.  

 

We may click on Calculate in the Data manipulation menu, select EXPOnential 

from the expressions at the bottom on the right side and click on the button to 

move it to the window at the top of the right side. We then type (0.627) and click 

on Calculate.  
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We get an odds ratio of 1.8720, exactly the same as the crude odds ratio derived 

from the four-fold table of frequencies. We then add and subtract 0.104 from 0.627 

and get a very similar 95% CI of 1.6871 − 2.0772. 

We can use the estimated coefficients to calculate predicted probabilities of 

bleeding on probing at a site with and without supragingival plaque by entering 

respective coefficient estimates into formula (5.3). Easier is to use again the 

Calculate window and take the ALOGit of -1.621 in case of no plaque, and of (-

1.621 + 0.627) in case of plaque. The model estimates probabilities of 0.16507 and 

0.27012, respectively. In order to get a 95% confidence interval for the latter, we 

type 1 next to fixed : cons and 1 next to fixed : VPI in the Interval and tests 

window, and click on Calc.  
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The logit(πi) estimate at sites with visible plaque (VPI = 1) has a 95% confidence 

interval of (-1.064; -0.924). ALOGit of these estimates yields a 95% CI of 

bleeding on probing in the presence of visible plaque of (0.25655; 0.28414). 

Likewise, the 95% CI for the probability of a site without visible plaque but 

bleeding on probing is (0.13147; 0.14957). 

The joint chi square test for 1 degree of freedom is very large, about 800. Whether 

that is significant can be determined when clicking on Tail Areas in Basic 

Statistics. We select Operation Chi Squared and enter the Value of 799.921 and 

1 for Degrees of freedom, then click on Calculate.  
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This yields a very low p-value, indicating that the Null hypothesis of no difference 

in the probability of bleeding on probing, regardless of whether visible plaque was 

present or not, has to be rejected.  

 

5.5 A Two-level Random Intercept Model 

We want to extend our model in (5.1) to allow for subject effects on the probability 

of bleeding on probing. Therefore, we begin with a random intercept (or variance 

components) model that allows the overall probability of bleeding on probing to 

vary across subjects.  Our binary response is yij which equals 1 if bleeding on 

probing occurs at site i in subject j and 0 if bleeding did not occur. A j subscript is 

likewise added to the proportion so that πij = Pr(yij = 1). The model can then be 

written as,   
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logit�𝜋𝑖𝑖� =  𝛽0𝑖 + 𝛽1𝑥𝑖𝑖 

𝛽0𝑖 = 𝛽0 + 𝑢0𝑖     (5.4) 

As in a random intercept model for continuous responses, the intercept consists of 

two terms, a fixed component β0 and a subject-specific component, the random 

effect u0j. As before, we assume that the u0j follow a Normal distribution with 

mean zero and variance 𝜎𝑢02 . 

We first need to declare that the data have a two-level hierarchical structure with 

subject at the higher level and then allow the intercept β0 to vary randomly across 

subjects. We click on BOPi in the Equations window and select 2-ij for N levels 

in the Y variable window. For level 2(j) we select ID and for level 1(i) SITE, and 

click on done. We then click on the estimated coefficient for cons in the X 

variable window, check the box for j(ID) and click on Done. 

We click on Estimates and get the window below. The model follows equation 

(5.4). In particular, an additional line states that the random effects u0j follow a 

Normal distribution with mean zero and covariance matrix Ωu, which, for a random 

intercept model, consists of a single term 𝜎𝑢02 .  
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Before running the model we have to specify estimation procedures, see Rasbash et 

al. (2012), p. 128 and, in particular Goldstein (2003). MLwiN has implemented 

quasi-likelihood methods using a linearization method based on a Taylor series 

expansion which transforms a discrete response model to a continuous response 

model. After applying the linearization, the model is then estimated using iterative 

generalized least squares (IGLS) or reweighted IGLS (RIGLS), see Goldstein 

(2003) for further details. The types of approximation available in MLwiN are 

marginal quasi-likelihood (MQL) and penalized quasi-likelihood (PQL). Both of 

these methods can include either 1st order terms or up to 2nd order terms of the 

Taylor series expansion. The 1st order MQL procedure offers the crudest 

approximation and may lead to estimates that are biased downwards, particularly if 

sample sizes within higher level units are small or the response proportion is 

extreme. An improved approximation procedure is 2nd order PQL. Note that this 
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method is less stable and may encounter convergence problems. Thus, it is 

advisable to start the analysis beginning with the 1st order MQL procedure to 

obtain starting values for the 2nd order PQL procedure. Intermediate choices, for 

instance, 1st order PQL and 2nd order MQL are also often useful.  

We can check that the default estimation procedure is selected. By clicking on 

Estimation in the main menu and IGLS we see that this method is already 

selected. In the Equation window, we click on Nonlinear at the bottom and see 

that the Distribution assumption (binomial), Linearisation (1st order) and 

Estimation type (MQL) are tagged. We click on Done and run the model by 

clicking on Start. We can have a look at estimates by clicking twice on Estimates. 

We click on Nonlinear again and specify 2nd order Linearisation and PQL 

Estimation type, and click on Done and More. 
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The intercept for subject j is -1.764 + u0j where the variance of u0j is estimated as 

0.478 (SE = 0.103). Whether the latter estimate is significant may be assessed by a 

Wald test. But note that this is an approximation since variance parameters are not 

Normally distributed. The preferred approach is to construct interval estimates for 

variance parameters using bootstrap or MCMC methods, see Chapter 3 in 

Goldstein (2003) and Chapter 4 in Browne (2003). To carry out just a Wald test in 

MLwiN we click on Intervals and tests in the Model menu, check random at the 

bottom of the Intervals and tests window, type 1 next to ID : cons/cons (this 

refers to the parameter 𝜎𝑢02 ) and click on Calc. 
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The joint chi square test yields a test statistic of 21.331 which we may compare to 

a chi-squared distribution on 1 degree of freedom. We type the respective values in 

the Tails area window (in Basic statistics in the main menu) and click on Calc. 

The p-value is very low, so we conclude that differences between subjects are 

highly significant.  

 

5.5.1 Addition of further covariates 

In plaque-induced gingival disease, the development of gingival pockets which 

may bleed on probing is rather typical. Thus, increased periodontal probing depth 

(PPD) might be related to bleeding on probing independent of presence of visible 

plaque. Likewise, presence of calculus might lead to increased bleeding tendency 

of the gingiva. We may first Tabulate (in Basic Statistics) PPD by clinical 

attachment loss (CAL) and notice that both are ordered categorical variables 

comprising only non-negative integers, despite the fact that they are interpreted as 

continuous measurements. Most attachment loss was related to shallow PPD 

(indicating gingival recession). Most sites with increased PPD >3 mm had not 

undergone attachment loss (indicating what is sometimes called pseudopockets). 

We may want to enter PPD in the model centered on the mean value (which is 2.30 

mm as can be calculated in the Basic Statistics menu).  
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We click on Add term in the equation window and select variable PPD in the 

drop-down list. As there are no zero or negative measurements for PPD, we want 

to enter the variable centered around 2 mm. In the Specify term window, we check 

around value and type 2 next to it. We click on Done. We then add CLS from the 

drop-down menu and click on Done and on More in the main menu. As discussed 

before, after having obtained starting values we now want to select the 2nd order 

penalized quasi-likelihood procedure. We click on Nonlinear at the bottom of the 

Equation window, and check 2nd order for Linearisation and PQL for 

Estimation type.  
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As expected, PPD-2 is as strongly associated with BOP as is VPI. With each mm 

increase the odds of bleeding increases by a factor of 1.7524 (95% CI 1.6112; 

1.9060). A Wald test yields a large joint chi squared test statistic of 172.888 for 1 

df. Also calculus was associated with BOP. If present, the odds of gingival 

bleeding on probing is increased by a factor of 1.3298 (0.95211; 1.8571). The joint 

chi squared test statistic of 2.802 for 1 df relates to a p-value of 0.094147. We want 

to save worksheet and model as bop03.wsz. 

 

5.5.2 Variance partition coefficient 

In Chapter 2 we had partitioned the total variance for a two-level random intercept 

model and expressed the proportion of total residual variance which is attributable 
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to level 2, the so-called variance partition coefficient (VPC), 𝜎𝑢0
2

(𝜎𝑢02 + 𝜎𝑒2)� . For a 

random intercept model fitted to continuous data, the VPC is equal to the intra-

class correlation, which is the correlation between two level 1 units in the same 

level 2 unit. For random coefficient models, VPC and intraclass correlation are not 

equivalent, see Goldstein et al. (2002). In case of binary and other discrete 

response models, there is also no single VPC measure since the level 1 variance is 

a function of the mean which depends on the values of the explanatory variables in 

the model. Nevertheless, Snijder & Bosker (1999) give an approximate VPC as 

𝜎𝑢02

(𝜎𝑢02 + 𝜋2
3� )� . For the above model we can calculate an approximate VPC of 

0.123. 

Goldstein et al. (2002) propose a simulation method using the macro vpc.txt in 

MLwiN. It consists of the following steps: 

1. From the fitted model simulate M (for instance 5000) values for the level 2 

residual from the distribution N(0, 𝜎𝑢02  ), using the sample estimate of the 

variance, 𝑢0𝑖
(𝑚) (m = 1, 2, …, M) 
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2. For a given value of xij , say x* compute the m corresponding values of π𝑖
∗(𝑚) 

π𝑖
∗(𝑚) =

exp (𝛽�0+𝛽�1𝑥∗+𝑢0𝑗
(𝑚))

1+exp (𝛽�0+𝛽�1𝑥∗+𝑢0𝑗
(𝑚))

. Also compute the level 1 variance  𝑣1𝑖
∗(𝑚) =

𝜋𝑖
∗(𝑚)(1 − 𝜋𝑖

∗(𝑚)) 

3. The level 1 variance is then calculated as the mean of the 𝑣1𝑖
∗(𝑚) (m = 1, 2, … 

M), and the level 2 variance is the variance of the π𝑖
∗(𝑚). 

Before running the macro, we need to do the following: 

1. set values for explanatory variables and store these in c151, and 

2. set values for the explanatory variables which have random coefficients at 

level 2 and store these in c152. (This will be a subset of c151.)  

In the above model, there are four explanatory variables (including cons). We will 

begin computing the VPC for a site with neither visible plaque nor calculus, and a 

periodontal probing depth of 1 mm. Remember that the variable PPD is centered 

around 2 mm. We therefore want to enter the values (1, 0, -1, 0) in c151. Since the 

model is a random intercept model, only cons has a random coefficient. We thus 

want to input the value 1 in c152. To create these two columns, we select View or 

edit data from the Data Manipulation menu, click on view, select c151 and c152, 

and click OK. We then input 1, 0, -1, and 0, respectively into the first five rows of 

c151, and 1 in the first row of c152. 
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We can open the macro which contains a sequence of MLwiN commands by 

selecting Open Macro from File. We double click on vpc.txt. In the window 

which shows, and click on the Execute button. 
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The result of running the macro, namely the VPC, will be stored in a worksheet 

box called B8. To print the contents of the box, we select from the Data 

Manipulation menu Command interface and type in the space at the bottom of 

the window print b8. We then press Enter. We can get the value by clicking on 

Output. For this particular site, the VPC is about 0.048. Thus, among sites with no 

plaque or calculus and a probing depth of 1 mm, 4.8% of the residual variation is 

attributable to differences between subjects. At 3 mm deep sites (we need to enter 

1 in the 3rd line of column c151) with plaque and calculus, 9.6% of the unexplained 

variation can be attributed to subject differences.  

 

The VPC for various clinical conditions is tabulated in Table 5.1. 
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Table 5.1 Variance partition coefficients for different combinations of covariates 
based on the simulation method 
 
PPD/mm VPI=0/CLS=0 VPI=0/CLS=1 VPI=1/CLS=0 VPI=1/CLS=1 
1 0.049 0.057 0.064 0.072 
2 0.065 0.074 0.080 0.087 
3 0.081 0.088 0.092 0.096 
 

5.6 Two-level Random Coefficient Models 

So far, we have allowed bleeding on probing to vary across subjects, but we have   

assumed that the effects of explanatory variables (VPI, PPD-2, and CLS) are the 

same for each subject. We will now modify the assumption by allowing the 

bleeding differences between sites with and without plaque and sites with various 

periodontal probing depths to vary across subjects by introducing random 

coefficients. (Tabulating CLS reveals that the vast majority of sites, 8534 out of 

8766 sites assessed in the 50 subjects, were not covered by calculus. Moreover, 

calculus was not observed in 19 subjects at all. Due to anticipated conversion 

problems, at the moment we do not want to assume the coefficient of CLS vary 

across subjects.)  We click, in turn, on the respective coefficient in the equation, 

check j(ID) and click on Done. It is recommended to start the models with the 

default estimation procedure 1st order linearization and MQL estimation (checked 

in Nonlinear at the bottom of the Equation window), then change to 2nd order 

PQL and click More and, after conversion of the model, on Estimates.  
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Note that a j subscript has been added to the coefficients of VPI and PPD-2 

indicating that the coefficients depend on the subject. The average effects of VPI 

and PPD-2 are β1 and β2, respectively, but the effects for subject j are β1j = β1 + u1j 

and β2j = β2 + u2j, respectively, where u1j and u2 j are Normally distributed random 

effects with mean zero and variances 𝜎𝑢12 and 𝜎𝑢22 , respectively. Allowing the 

coefficients to vary across subjects has also introduced parameters σu01, σu02, and 

σu12, which are the covariances between u0j and u1j, u0j and u2j; and u1j and u2j, 

respectively. 

As for continuous response random coefficient models, the level 2 variance is a 

function of the explanatory variables that have random coefficients. For the model 
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specified above, the residual variance between subjects is a function of VPI and 

PPD-2: 

𝑣𝑣𝑣�𝑢0𝑖 + 𝑢1𝑖VPI𝑖𝑖 + 𝑢2𝑖PPD − 2𝑖𝑖� = 𝑣𝑣𝑣�𝑢0𝑖� +  2𝑐𝑐𝑣�𝑢𝑢𝑖 ,𝑢1𝑖�VPI +

𝑣𝑣𝑣�𝑢1𝑖�VPI2 +  2𝑐𝑐𝑣�𝑢0𝑖 ,𝑢2𝑖�PPD − 2 + 2𝑐𝑐𝑣�𝑢1𝑖 ,𝑢2𝑖�VPI ∗ PPD − 2 +

𝑣𝑣𝑣(𝑢2𝑖)PPD − 22     (5.5) 

(Note that because VPI is a (0, 1) variable, VPI2 = VPI). 

In order to fit the random coefficient model, we click on More and on Estimate. 

 

We can test the significance of the added parameters 𝜎𝑢102 ,  𝜎𝑢202 , σu01, σu02, and 

σu12, using Wald tests. From the Model menu, we select Intervals and tests, 
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choose random in the new window, type 5 next to # of functions, and type 1 in 

each of the boxes ID : VPI/cons, ID : VPI/VPI, ID: PPD/cons, ID : VPI/PPD, 

and ID : PPD/PPD. When clicking on Calc, we note, for instance, that the 

separate chi squared test statistics for 1 df were 4.415 for VPI and 3.806 for PPD 

yielding p-values of 0.036 and 0.051, respectively. The joint chi square test 

statistic for 5 df is 8.807 which yields a p-value of 0.117. 

 

 

So, we may conclude that, at least at the 10% level, effects of VPI and PPD do in 

fact vary across subjects. While on average, the log odds is 0.529 times higher at 
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sites with visible plaque and the odds ratio is exp(0.529) = 1.6972, depending on 

the value of u1j, the odds ratio may be larger or smaller in different subjects. For 

each 1-mm increase in periodontal probing depth the odds of bleeding on probing 

will be increased by exp(0.559) = 1.7489, on average, but depending on u2j, this 

varies across subjects. 

By substituting estimates of 𝜎𝑢102 ,  𝜎𝑢202 , σu01, σu02, and σu12 into (5.5), we may 

obtain estimates of residual subject-level variation. In the Model menu, we choose 

Variance function and select for level 2: ID. We can edit the table in the lower 

left corner for different clinical situations and get estimates of residual variance at 

the subject level. We want to Save the worksheet in the File menu as bop04.wsz. 

 

Since Silness and Löe’s plaque index are scores on an ordinal scale we want to add 

PLI as categorical variable. In the Names window, we therefore click on PLI and 

on Toggle Categorical. We delete the VPI term from the model by clicking on it 
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and on Delete Term, then clicking on Done, and add PLI in the equation. Note 

that in the Specify term window, the default reference category (ref cat), PLI_0 

appears. (We may change the reference category if we want.) When clicking on 

done, we see that now 3 terms of PLI appear in the equation, PLI_1, PLI_2, and 

PLI_3, meaning that the 4 PLI scores are defined by 3 dummy variables. We allow 

coefficients of PLI scores vary across subjects by checking the respective boxes for 

j(ID). We make sure that in Nonlinear the default settings are selected. We then 

click on Start and, after the model has converged, change to 2nd order PQL.   

We want to Save the worksheet in the File menu as bop05.wsz. 

 

While on average, the log odds of bleeding on probing is 0.571 times higher at 

sites with a plaque index score of 1, 0.776 time higher at sites with a plaque index 
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score of 2, and 1.520 times higher at sites with a score of 3 as compared to sites 

with no plaque (corresponding to odds ratios of exp(0.571) = 1.7700, exp( 0.776) = 

2.1728, and  exp(1.520) = 4.5722, respectively), depending on the values of u1j, u2j, 

and u3j, odds ratios may be larger or smaller in different subjects.  

We can test the significance of the added parameters using a Wald test. As regards 

the addition of PLI scores in the model, the joint chi square test statistic for 12 df is 

18.275 which yields a p-value of 0.10759. 

 

5.7 Modeling Binomial Data 

So far, we have considered logistic models for binary response data. The same 

models can be used for binomial data, i.e. where the response is a proportion. Only 

for illustration, we want to model the subject-level proportion of sites bleeding on 

probing as a function of the subject’s mean periodontal probing depth, the 

proportion of sites covered by visible plaque (or the mean plaque index), and the 

proportion of sites with calculus. As a caveat, note that any site-specific 

information and, in particular, the association between site-specific observations is 

lost in this case. As has been detailed in the Introduction chapter, we have to keep 

in mind that any inferences from this model will be prone to the ecological fallacy 

of associations of aggregate data which may be spurious. If site-level data are 
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available, they should therefore be analyzed as such. In many cases, however, one 

may have only access to aggregate data. 

 

5.8.1 Modeling subject-level variation with subject-level proportions  

Our response variable yj will be the sample proportion of sites bleeding on 

periodontal probing in subject j. After aggregating the data to the subject level, the 

only other change to the previous model is that the denominator nj will no longer 

equal 1 as for binary data but will be equal to the number of sites assessed in 

subject j. Although our response variable is now at the subject level, we can still fit 

a two-level random intercept model of the form: 

logit(πij) = β0j + β1propVPIj + β2avePPDj + β3propCLSj 

β0j = β0 + u0j. 

where πij is the probability of a site i bleeding on probing for subject j as before. 

avePPDj denotes the average PPD in subject j, and propVPIj and propCLSj the 

proportions of sites with visible plaque and calculus, respectively.  

When we specify the model, we will use the aggregate subject ID as the identifier 

for both level 1 and level 2. This implies a model with 50 level 2 units (subjects), 

each with one level 1 observation. (Note the tremendous loss of information here.) 

Since each level 1 unit has an associated denominator nj, which is the number of 
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gingival units assessed in subject j, and since the level 1 variance depends on the 

explanatory variables, the model is not confounded. 

 

5.7.2 Creating a subject-level data set 

We open bop02.wsz and create a subject-level data set. We start with creating the 

response variable yj and the denominator nj. 

We select from the Data Manipulation menu Multilevel data manipulations. In 

the respective window, under Operation, we select Average. For On blocks 

defined by, we select ID. For Input columns, we select PPD, BOP, PLI, CLS 

and VIP for Output columns c16-c20. We click on Add to action list and 

Execute. We then change Operation to Count and select c24 for Output column. 

We Add to action list and Execute. 
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Columns c16-c20 and c21 now contain the response and explanatory variables, and 

denominator, respectively. However, they still contain a record for each site where 

the values for sites in the same subject are replicated. To see this, we select View 

or edit data from Data Manipulation. We have therefore to convert c16-c21 so 

that they have only one record per subject.  

From the Data Manipulation menu, we select unreplicate to open the Take data 

window. For Take first entry in blocks defined by, we select ID from the drop-

down list. For Input columns, we select variables ID, and c16-c21 (using ctr-

click). For Output columns, we select c22-c28. We Add to action list and 

Execute.  
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We want to rename c22-c28 (in order): ID2, avePPD, propBOP, avePLI, 

propCLS and propVPI, and denom2. The final step in setting up the subject-level 

data set is to create a cons variable by clicking on Generate vector (in the Data 

Manipulation menu). We check Constant vector, select c29 from the Output 

column drop-down list and type 50 next to Number of copies, and 1 next to 

Value. We then Generate and finally change the Name of c29 into cons2. 

 

5.8.3 Fitting the model 

We can now set up the model. In the Model menu, we select Equations and click 

on Clear. We then click on y. In the Y variable window, we select propBOP from 

the drop-down list. For N levels, we select 2-ij and enter ID1 next to both level 
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2(j) and level 1(i). We click on done. By clicking on N, we now Select 

distribution Binomial and Select the link function, logit, then click on Done. We 

click on nij and, in the specify denominator window, we select denom2. We click 

on x0 and select cons from the X variable drop-down list. We check both Fixed 

Parameter and j(ID1). We click on Done. We add avePPD, avePLI, and 

propCLS; Use defaults in the Nonlinear Estimation window and click on Start 

in the main menu.   

Now we change to 2nd order PQL using the Nonlinear button and click on More. 

 

The model indicates positive effects of mean probing depth and plaque index on 

the proportion of gingival units bleeding on periodontal probing. A Wald test 

yields a joint chi squared of 9.207 for 2 degrees of freedom which corresponds to a 

p-value of about 0.01. (Note that the standard error of calculus is five times as 
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large as its coefficient estimate. We may want to remove CLS from the equation). 

We can conclude that, at the 1% level, both mean periodontal probing depth and 

plaque index is significantly related to the proportion of gingival units bleeding on 

probing. We may want to save the worksheet as bop_prop.wsz. 


